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Towards a Formal and Constructive
Representation for Irrational Numbers

Jean-Paul K. Tsasa*

Abstract

The paper addresses a simple issue: how can the set of irrational numbers, irQ, be
constructively represented? Here is our response:

irQ = {p+62 (p,q) EZXZ*,ENp.i},
q

where € is an irrational perturbation. We show how to carefully characterize the term
€ and discuss the didactic value of our approach.

Keywords: Set, Irrational numbers.

1 Introduction

The set of irrational numbers, irQ, although well-known and widely studied,
remains a fascinating mathematical object, particularly when it comes to formal
representation '. Irrational numbers play a key role in many fields, from mathemat-
ical analysis to social sciences. However, they cannot be expressed as a fraction of
two integers or as a periodic decimal expansion. Thus, their formal characterization
remains an interesting conceptual challenge.

*CIREM UPC, Center for Interuniversity Research on Mathematical Economics, Department of
Economics. Email: .tsasa.jean-paul@upc.ac.cd.

1. Here are two remarks: First, the proposed notation, irQ, is inspired by the convention used
for the set of purely imaginary numbers. Second, a set can be specified in two ways (see e.g.
Grami 2022, pp. 67-68): by roster method or by using set-builder notation. The roster method
lists all the elements in the set. For example, the set of prime numbers could be described using
braces like this: A = {2,3,5,7,11,...}. The ellipsis “...” simply indicates that the A is an
infinite set. Alternatively, the set-builder notation describes a set using the following format:
B = {z : x is a prime number}. It reads as B is the set of all « such that z is a prime number.
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Several recent mathematical contributions have explored various methods for
representing irrational numbers, including Cauchy sequences, Dedekind cuts, stan-
dard/dual Baire sequences, standard Sturmian word, decimal expansions, binary
expansions, and infinite continued fraction 2.

To the best of our knowledge, we have not found any textbook or document that
formally and constructively represents the set of irrational numbers, carefully using
either the roster method or set-builder notation. But we have found examples for the
set of rational numbers (see, for instance, Bick 1971, Bouvier et al. 2013, Bonheur
2019). This note introduces a formal approach to constructively characterize the set
of irrational numbers using a formalization based on a rational-irrational perturbation
decomposition ®.

Our purpose is to provide an elegant and intuitive perspective that not only meets
formal requirements but also illustrates the peculiar nature of these numbers. There-
fore, our study takes a pedagogical approach, aiming to introduce irrational numbers
progressively, starting from known subsets, notably N and Z, without resorting to
larger sets such as R and C.

The rest of the paper is organized as follows. We begin by recalling the fundamen-
tal elements needed for our characterization strategy (Section 2), followed by some
numerical examples to illustrate the proposed concepts (Section 3), and a concluding
remark (Section 4). This work aims to enrich our pedagogical experience in teaching
mathematics while providing a solid foundation for further investigations.

2 Characterization

It is common to encounter mathematics textbooks presenting standard numerical
sets either by roster method, as is the case, for example, with the set of integers,
Z={...,—-2,—1,0,1,2,...}, or using set-builder notation. For instance, using set-
builder notation, the set of rational numbers can be expressed as:

@::{x=§:<p,q>erZ*}. (1)

When it comes to the set of irrational numbers, several approaches are used. A classic
definition relies on set operations, irQ = R \ Q, where irQ represents the difference

2. For further details, see Keller et al. (2024), Kristiansen (2021), Georgiev et al. (2021), Dubickas
(2017), Wu (2008), Chuan (2005), Rudykh and Shulga (2024) and Tong (1990), among others.

3. To be more precise, the constructive approach in the representation of irQ involves building
up step by step from the set of integers (see Figure 1).



between the set of real numbers and the set of rational numbers. Another approach,
more literal, states that irQ = {x € R : = ¢ Q}. These definitions emphasize that
irrational numbers are all real numbers that cannot be expressed as an irreducible
fraction of two integers*. However, this literal approach is sometimes less intuitive.
In this note, we introduce a formal characterization of irrational numbers using a
rational-irrational perturbation (RIP) decomposition. Our approach has at least two
advantages. First, it explicitly reveals the structural relationship between rational
and irrational numbers while offering a constructive view of irQQ. Second, as illus-
trated in Figure 1, it adopts a pedagogical perspective that encourages a progressive
understanding of irrational numbers starting from the familiar concepts of Z, and Q.
Now, we are ready to characterize the set of irrational numbers formally.

Let = be the set of all Arabic digits, = = {0, 1,2,3,4,5,6,7,8,9}. Let ag, a, as, as, . ..

=. Let € = ag.ajasas... such that Vm € N*Vn € N*n > 1 : anami1... #
GminGminsi- --- In other words, the term e is an infinite and non-periodic deci-
mal expansion, noted as € ~ n.p. Then, we can carefully define the set of irrational
numbers as:

irQ::{x'z%#—e:(p,q)EZxZ*,ewn.p}. (2)

Thus, it is immediate that when the irrational perturbation is zero, ¢ = 0, we
recover the rationals. This decomposition highlights the central role of rational num-
bers as an approximative base for understanding irrationals. Furthermore, following
the RIP decomposition, it is evident that every irrational number can be viewed as
the sum of a rational number p/q and a term e, representing the gap between the
rational approximation p/q and the irrational number x’. This gap ensures that z’
remains outside Q.

3 Some Numerical Examples

To illustrate the proposed characterization, let us consider three emblematic ex-
amples of irrational numbers.

Ezample 1 (Number \/2). The square roots of 2 is the positive solution of the equation
2% —2 = 0 and is approximately equal to 1.4142135623 . ... It is an irrational number
because it cannot be expressed as a rational fraction p/q.

Ezample 2 (Number ). This number represents the ratio of a circle’s circumference
to its diameter. Its value is approximately 3.14159265359 ..., with an infinite and

4. We also know that in the interval of [0, 1], the Lebesgue measure of irrational numbers is 1
whereas it is 0 for the rational numbers (Lai and Danca, 2008, p. 246).



Figure 1 — The Classical Numerical Sets

Set of complex numbers C={a+bi;acR beR; i2 =-1}

Set of real numbers

Set of pure imaginary numbers R=ipajays.ipel;a;es}

R={bi:beR;it=-1}

{

Set of rational numbers /\

Q={plqg;pel, qel* Set of irrational numbers, i.e., the set of numbers
that cannot be expressed as a ratio of two integers
and whose decimal expansion is infinite and non-
periodic or non-repeating

L iQ={p/q+ec;pel qel*

Set of decimal numbers/\ /

€ is an “irrational perturbation,’
that is, an infinite and non-
periodic decimal expansion
such that:

(px10";peZ neN} Set of numbers that can be written
as follows

q;pel qeN*, q#10", neN} €=apa,a,a;.. ;

with ¢; € £, and V m,n € N*

B >1:
Set of numbers with a finite number of digits after the decimal "

point, given by

L O # Ut nmn+1-

— < {p.alaz...an ipel;neN;with a;eE, at least one a;# 0}

where 2= {0, 1,2,3,4,5,6,7, 8,9}

Setof integers : Z={...,-2,-1,0, 1,2, ...}

Set of negative integers Set of positive integers <«—— Set of natural numbers

{..,—2,-1,0} N=1{0,1,2,..} /
l Peano axioms

/\

Set of all Arabic digits Set of all Arabic numbers that are not
4 Arabic digits
=£={0,1,2,3,4,5,6,7,8,9}
¥={10,11,12,13,..}



non-periodic expansion.

Ezample 8 (Number e). The number e, often referred to as Euler’s number, is the
base of the natural logarithm. It is defined as:

1 n
e= lim (1 + —> R 2.71828182846 . ..
n

n—oo

It is also an irrational number.

Ezample 4 (Golden Ratio ). The golden ratio ¢ is defined as:

1++/5
2
It satisfies the equation ¢? = ¢ + 1. ¢ appears frequently in art, architecture, and
nature due to its unique mathematical properties. Its decimal expansion is infinite
and non-repeating, confirming its irrationality.

~ 1.61803398875 . ..

Table 1 — Some Numerical Examples for Illustrating the Consistency of the
Characterization in Equation (2).

r€irQ p ¢ ay a1 ay agz ... Form=1andn=2"
a1a2a3a4...7éa2a3a4a5...

V2 11 0 4 1 4 ... 4142135623...+# 1421356237...
s 31 0 1 4 1 ... 1415926535...# 4159265359...
e 21 0 7 1 8 ... 7182818284...7# 1828182846...
® 1 1 0 6 1 8 ... 6180339887...7# 1803398875...

*Qur inequality holds for all m,n € N*,n > 1. These numerical examples consider
a specific case where m = 1 and n = 2.

Table 1 offers a detailed illustration of the characterization of irrational numbers
developed in this study, using well-known examples such as v/2, 7, e, and the golden
ratio . These numbers were selected to represent diverse categories of irrational
numbers, ranging from solutions to algebraic equations, as seen with v/2 and ¢, to
transcendental constants of fundamental importance in mathematics and science,
such as 7 and e.



The table presents the decimal expansion of each number, highlighting their non-
periodic nature. The digits are displayed in sequence as aq, as, as, ..., and the com-
parison between consecutive sequences—specifically, ajasasay ... and asasagas ... —
demonstrates the absence of repeating patterns. This inequality underscores the
irrationality of these numbers, consistent with the mathematical characterization
developed in the study. Furthermore, the parameters p and ¢, associated with each
number, serve as auxiliary values that allow RIP decomposition and analysis of their
decimal structure. The choice of specific sequences for m = 1 and n = 2 illustrates
a particular case of a more general property valid for all m,n € N* where n > 1.

This table not only validates the theoretical framework but also provides a con-
crete and accessible way to observe the distinct properties of irrational numbers. By
combining classical examples and a clear focus on their decimal structure, it bridges
the gap between abstract theory and tangible mathematical phenomena, enhancing
the reader’s understanding of these numbers®.

Example 5. The following number 3.312275275275275 ... is not irrational. This can
be immediately verified by applying the repeating decimal (RIP) decomposition
method.

The application of the RIP approach yields the table 2. Then, using a counterexample-
based argument, we can refute the statement that 3,314275275275275 ... is an ir-
rational number. This can be demonstrated by setting m = 4 and n = 3, which
implies that asasaga;--- = aragagay . ... This equality indicates that the number
exhibits a repeating decimal pattern and, therefore, can be expressed as a ratio of
two integers, confirming that it is rational.

4 Conclusion

The paper introduces a formal approach for representing ir(Q, using a rational-
wrrational perturbation decomposition. Our step-by-step approach aligns with ped-

5. The analysis presented in this study highlights three key aspects of irrational numbers. First,
the non-periodic structure of their decimal expansions is clearly demonstrated by comparing succes-
sive sequences, which reveal the absence of repeating patterns. Second, the theoretical consistency
of the proposed characterization is validated by the inequality ajasagay ... # asasagas . . ., illus-
trated for m = 1 and n = 2 as a particular case of a general property valid for all m,n € N*
where n > 1. Finally, the diversity of examples provided—including v/2 as a solution to a quadratic
equation, m and e as fundamental constants, and ¢ as the golden ratio—offers a comprehensive
exploration of the multifaceted nature of irrational numbers. These findings not only deepen our
understanding of these intriguing numbers but also underscore their central role in mathematics
and science.



Table 2 — A Supplementary Numerical Examples for Illustrating the Consistency of
the Characterization in Equation (2).

r €irQ p q a a as ag ... Counterexample™:
for m = 4 and n = 3, we find
that agqas0edy ... = a7agagdiQ - - -
3.3122752752... 3 1 0 3 1 2 ... 2752752...=2752752...

“To prove that a statement of the form Vo € E : P(x) is false, we need to find an
element x, i.e. an example in the domain of discourse F, for which P(x) is false. Such
an example is called a counterexample (Grami 2022, ch. 4).

agogical principles, gradually introducing irrational numbers by building on their
connection to the foundational sets N and Z. The insights from this note could lay
the groundwork for further research on numerical sets, with a focus on their didactic
value in mathematics education.

References

Bick, T.A., 1971. Introduction to Abstract Mathematics. Academic Press. URL:
http://shop.elsevier.com/books/introduction-to-abstract-mathematics
/bick/978-0-12-095850-4.

Bonheur, E., 2019. Eléments de mathématiques pour le XXIe siecle, volume 1:
Fondements des mathématiques 1 (logique des propositions et des prédicats,
systemes déductifs formels, arithmétique de Peano, structures algébriques de base).
Paysages Mathématiques.

Bouvier, A., George, M., Le Lionnais, F., 2013. Dictionnaire des mathématiques.
Gabbay, Dov M. and Hooker, Cliff A. and Thagard, Paul and Woods, John. 9th
ed., Presses Universitaires de France. URL: http://www.puf.com/dictionnaire
—-des-mathematiques.

Chuan, W.F., 2005. Factors of Characteristic Words of Irrational Numbers. Theo-
retical Computer Science 337, 169-182. URL: http://doi.org/10.1016/j.tcs.
2004.12.028.

Dubickas, A., 2017. On Rational Approximations to Two Irrational Numbers. Jour-


http://shop.elsevier.com/books/introduction-to-abstract-mathematics/bick/978-0-12-095850-4
http://shop.elsevier.com/books/introduction-to-abstract-mathematics/bick/978-0-12-095850-4
http://www.puf.com/dictionnaire-des-mathematiques
http://www.puf.com/dictionnaire-des-mathematiques
http://doi.org/10.1016/j.tcs.2004.12.028
http://doi.org/10.1016/j.tcs.2004.12.028

nal of Number Theory 177, 43-59. URL: http://doi.org/10.1016/j.jnt.2017
.01.026.

Georgiev, 1., Kristiansen, L., Stephan, F., 2021. Computable Irrational Numbers
with Representations of Surprising Complexity. Annals of Pure and Applied Logic
172, 102893. URL: http://doi.org/10.1016/j.apal.2020.102893.

Grami, A., 2022. Discrete Mathematics: Essentials and Applications. Academic
Press. URL: http://doi.org/10.1016/C2019-0-02041-9.

Keller, T., Burch, M., Rolke, H., 2024. A Methodology for Computing Irrational
Numbers, in: 2024 23rd International Symposium on Parallel and Distributed
Computing (ISPDC). IEEE, pp. 1-8. URL: http://doi.org/10.1109/ISPDC622
36.2024.10705393.

Kristiansen, L., 2021. On Subrecursive Representation of Irrational Numbers: Con-
tractors and Baire Sequences, in: Connecting with Computability. De Mol, L.
and Weiermann, A. and Manea, F. and Fernandez-Duque, D. (eds). CiE 2021.
Lecture Notes in Computer Science. vol. 12813, pp. 308-317. URL: http:
//doi.org/10.1007/978-3-030-80049-9_28.

Lai, D., Danca, M.F., 2008. Fractal and Statistical Analysis on Digits of Irrational
Numbers. Chaos, Solitons & Fractals 36, 246-252. URL: http://doi.org/10.1
016/j.chaos.2006.06.029.

Rudykh, V., Shulga, N.; 2024. Difference of Irrationality Measure Functions. Monat-
shefte fiir Mathematik 204, 171-189. URL: http://doi.org/10.1007/s00605-0
23-01914-2.

Tong, J., 1990. Diophantine Approximation of a Single Irrational Number. Journal
of Number Theory 35, 53-57. URL: http://doi.org/10.1016/0022-314X(90)9
0102-W.

Wu, J., 2008. Continued Fraction and Decimal Expansions of an Irrational Number.
Advances in Mathematics 206, 684-694. URL: http://doi.org/10.1016/j.ai
m.2005.10.007.


http://doi.org/10.1016/j.jnt.2017.01.026
http://doi.org/10.1016/j.jnt.2017.01.026
http://doi.org/10.1016/j.apal.2020.102893
http://doi.org/10.1016/C2019-0-02041-9
http://doi.org/10.1109/ISPDC62236.2024.10705393
http://doi.org/10.1109/ISPDC62236.2024.10705393
http://doi.org/10.1007/978-3-030-80049-9_28
http://doi.org/10.1007/978-3-030-80049-9_28
http://doi.org/10.1016/j.chaos.2006.06.029
http://doi.org/10.1016/j.chaos.2006.06.029
http://doi.org/10.1007/s00605-023-01914-2
http://doi.org/10.1007/s00605-023-01914-2
http://doi.org/10.1016/0022-314X(90)90102-W
http://doi.org/10.1016/0022-314X(90)90102-W
http://doi.org/10.1016/j.aim.2005.10.007
http://doi.org/10.1016/j.aim.2005.10.007

	Introduction
	Characterization
	Some Numerical Examples
	Conclusion

